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IL Methods of clearing Equations of quadratic ^ cubic, quadrato* 
cubic ^ and higher Surds. By William Allman, M. D. Com-' 
municated by the Right Hon. aS/f Joseph Banks^ K.B. P.R.S. 

Read July 8, 1813. 

0£VERAL years have elapsed, since my v6ry highly esteemed 
friend, now Rev. Doctor Mooney, Fellow of Trinity College, 
Dublin, presented to the Royal Irish Academy a paper on 
the Extermination of Radicals from Equations. He has illus- 
trated, by sundry examples, the extermination of quadratic 
surds. As he has rightly observed, the method is universal. 
Any number of quadratic surds, independent, or dependent, on 
each other, may be removed from an equation; because, 1. 
Any quantity, or factor of a quantity, necessarily subjected to 
the radical sign, is but of one dimension. 3. This quantity or 
factor being l)rought to one side of the equation, while the 
quantities unaffected with it remain at the other, may, by 
squaring both sides, be freed from the radical sign. 3. By a 
repetition of these reductions for each remaining independent 
surd quantity, any number of surd quantities may be converted 
into rational. 

Examples. 

I. Let \/a^^b -f v/^ = o: then 
(2;) s/a + ^6= — ^ c% and, a-^b -{- B%/ab=:=ie 

(3;) a + ^-— ^ = — 2v/a6; a + 6— / = ^aft; free from 
surds. 
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II. Let v^a -f. -1/6 + ^c 4- i/d = ; then 
(2;) a -}- ^ + ^ -f" ^V ^^ -^ Q%/ac 4" 9.i/bc:=r2 d 
(3;) ^4-64-^ — <i-4"^t/^^ =^ — st/^^ — 9,%/ be; squared 

I f II III" I - iinii-T . ■ ■ ■iumi 11^ «■—■—» I mm M H M "1 » ■ i i ii— —■——«»»— »» 

gives, a + 6 + <^ -— d 4- 4^6 4-4.a-f-^ + ^ — d I ^ab~ /y: . 
a -^ b "^ Q4^ab 



(4;) a + 6 — c — d 4" 4^^ — ^4ci=:4 . ^4"<i^ — a — b, ^ab; 
squared, results free from surds^ 

Note, universally: the last two surd factors vanish together. 

Surds, whose indices are integral powers of s, may be treated 
as quadratic surds; and the number of them^ which may be 
exterminated from any equation, is equally unlimited. 

Let *t/^ + ^%/b 4-^V^^ = • then, (s;) %/a + \/b 4- ^ 

(3; ) \/a 4- \/b — s/^ == — B*y^ab ; and, a + 6 4-" ^ + ^V^b 
The surds, now all quadratic, may be thus exterminated: 

, I I I Hi ll I r ii imt M i im i m m^ i i i M i m nw \<' mm m immm ^ 

(4;) ^ 4-64- ^— 9,%/^b=2 Q^ac -{-^y/bc; a 4- 6 4- ^ + 4^5 

— 4 . a 4" ^ + ^ • \/^b =: 4^^ 4" 4p^ + 8Ci/ab. 

II I I I II I »«■—.—>■—»— —^ I f< ■ II II" I.I ii« 

(5;) a 4-^ — ^ + 4a6= 4»a 4" ^ + 3^. v^^^: put a 4-^— c 

II iij.iiiiMiiw r 

= QU ; then ri* -^ ab =: 9,n -^ 4,0%/ ab ; and 71^ 4" 2^^^* + ^^b^ 



•tonamiMMy 



4/^* 4" 16^^ + ^6V .^6 •.• ^i' — ab = i6V;z 4* ^^V • ^6 



•ft 



a^b-^c — Aab n 7 — ' n ? "' t '/ — I 

z^ e. — ^ — — r= oabc . 2;z 4- ^^ == oaoc . a -f- -^ c 



%• a* 4" 6* 4^ c* — 9>ab — sa^ — 26^ = 128^6^ • a 4- 6 4- 6\ 
Let ^V^ 4" *v^^ + ^ V^ =^ ^ • then, by the last example, 
(55) a 4" 6 4- ^ — 9,s/ab — 2v/^^ — 2v^6£;^== is8 

>liai1l ■Willi liliiiiHIIlilillHMWIlMlllll WiBiWM^WMWP^W<»*MMiagimaM»MC#»lllllW 



Fut a 4" 6 4" ^ = ^^^ • then .^ — ^ab — %/ ac--Vbc , oi^i 
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n^ 



VaclTa Vbc 111 Vac +:: : Vah = 32 . a^bc + b^ac + c^ab 



n^ 



(6;) XfZllcWab = ^TobW^c tTo/.s/bc 

n'>-\-ab-\-ac-^tc'-\- 4^ab . w+^*--4 .n-{-i5c. w'+ ab -\- ac+bc 
. ^ab=:4,ac . ra + 1 5b'-\-4Jbc . « + 1 5/+ 8c . n+ 156. n+ 15^ . Vaft 



+4a6.« + i5c ' «-{- i5c.n''-ffl6 +ac-f 6c . • 



_ f __^^ /t*^/*** Tr--iliimiliiiimiMlimTiiiiiiiMiir-Mii iium^ii iih ' r- -- -- ' " 

i.e. n'^zm. n^—imabcn ZlgSa-bc =4 • n'+ifcn^ +3im. n +is^^* • v^^^, 

4-902dt&c* 

which being squared ^ an equation will result of 8 dimensions, 
free from surds. 

In like manner may surds of the 16th, g%d, 64th, &c. powers 
be taken away from any equation. 

Th^ number which may be taken away is unlimited, as the 
removal of each surd quantity or factor, in all these cases, 
depends on the principles which direct the solution of simple 
equations. 

In the case of cubic surds, the quantity or factor necessarily 
subjected to th^ radical sign may be of one, or of two dimen- 
sions, but not higher : since then, an universal method is 
known for solving quadratic equations, any number of cubic 
surds, independent, or dependent, on each other, may be re- 
moved from an equation. . 

Let V^+V^+V^==^- then (2;) a + ft + g V^^^Hh 
g'^at — ^c: . therefore, (3;) '^a'b + V^^' == ^^^^^~^, 
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which put = — ^: multiply by b: then, ^^a^¥ + b^^alf 
== ^ — bm: this quadratic equation gives, V^6*= — |- 6 + |- 

— gim == + b — M Vb^ — ^bm : which squared gives, ^aV 
+ 4^^' — matm + 6^ — 66% + 9^'^^ = 6* — 6l)'iii + q^^m* 

— ^hnf '.' a% + ^5* — $abm 4- ^* = ^ ; i* ^. ^^ — ^bc == q ; 

But an equation consisting of 3 cubic surds only, may be 
cleared of them without the solution of a quadratic equation, 
thus : 

Let V^ + V^ + V^ = • then, (9;) a + 6 + 3 V^^** 

+ 3^V^^^ == ~ ^, I. e. since ^^a 4- 'v^6 = — ^^c\ a -j- 6 — S 
*v^a6^ =? — ^: therefore, (3:) a 4- 64-^= 3'\/^6{:; and^, 

■■■■■'■ I ■ i»n ■■■i iiii i i i n ii f. i .. ii . g. 

^ 4. 5 4. t^ =z Q'jabc. 

And, universally, an equation consisting of 3 surds only, 
whose common index is any odd number, may be cleared of 
them, if we admit the solution of an equation, whose highest 
dimension is half the index of the surd minus unity. 

Because in any integral power of a binomial, as the co-effi- 
cients of terms at equal distances from the extremes are equal, 
those teiMs may coalesce, the compound factor being equiva- 
lent to a simple one, as may be more fully seen below. 

To return to cubic surds : if 5 4- i^ V^*^ + ^V^^* = 0^ thmi^ 
by the last example, ( 3 ; ) 5' 4- ^^^^^ + ^^^^"^ =^ $stvde. 

Let V^ + V6 + V^^ + V^ = ^ • then, (3 ;) ^4-64- 



and, a 4- 6 + ^ + ^ + 3 V^""^ + 3 V^^^ = ^7^^ • 

d 4-^4- 3 ^%/d*e 4- 3 V^*- put -^ 4" ^ + ^' + ^ == 3^ ; then. 
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r 4- V^'^ + V ^e* =■ ab .d-\- e^^ ^d'e + Sv^^e', 

Substitute now, for s, r^ + ^^^^ + "^JJ ^^^ ^* 3^^ 4" 3^^ + S^^; 
for V, gr* + ge/r + 3^ ; and the equation, $^ + 1^^*^ + vMe — 
gstvde = 0, will become, 

which is an equation of 9 dimensions, i. e. of s^ times the 
height of the given one ^^/a + ^t/6 4- ^i/d -f ^v^^ == 0. 

If another independent cubic surd were added, the equation 
resulting free from surds would be of S7 dimensions, or of 81 
times the height of the given equation. 

Universally, if an equation consist of any nimbet of ind#- 
pertdent surds having a common index, the equation resultmg 
free from surds will be so many times the height of the given 
one, as there are units in the common index of the surds raised 
to the power whose index is the number of independent surds 
diminished by unity. 

As the solution of a cubic equation is required for the ex- 
termination of some of the higher surds, it may be worth 
while to shew the connection of the rule, called CardanX 
with the extermination above given of cubic surds. 

If ^s^a 4- ^\/h 4- 3^c = 0, then ^ 4- 6 + ^ =2= 3^v^^fe, m 
before; or, by substituting x, j^, ^, for ^a^ s/b, $/^, respec- 
tively, if ^ 4"^' + ^ = ^f ^^^^ ^^ '^f + ^'^sss-^yz. Su-ppose 

Es 
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any one of these quantities, as x, the unknown quantity of 

a cubic equation : aitraoged it may stand thus, x^ *— gyzx ^j^^s 

= 0, an equation wanting the second term. Therefore^ con- 
versely^ x = ^ — y — z: or else, by dividing the cubic equa- 
tion by the simple one x ^^ = o, and solving the quote, the 

quadratic equation, x* ^^; x —^^ = o, x = ^~ + ^^ v^-— ' 3, 

Then, in any cubic equation w^anting the second term, v. g\ 

x^^ -^ qx -^ r =: 0^ suppose, — • gyz = q ; and^ ^^ -|~ ^^ = ^' - 

then, z ="— ^; %3 _ _ ^^. and/— ^ == r: therefore. 



j;*^ = r);3 -j- ^ \^ yS—.^f^ v^i^^ -|- — g^ : and, by subtract- 
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ing this from,/4- %^r= r,%^= |r + v^i ^^' + ^9^- therefore^.. 



— y — z, or ^ ^ 



^V^_Xr-r. V^f r« -I- ± ,ir3 



r« 4. _ g^ 



:y+^ , ^— « 



If the cubic equation have but one possible root, ^^-i- + 



— 2 



i/— 3 will represent the two impossible roots. If the cubic 
equation have all its roots possible, the last named expression, 
as well as — j — %, implies the extraction of the cube root of 
an impossible binomial; except, however, in this single case, 
when two of the roots of the cubic equation are equal to each 
other : then, the solution by the above rule is possible, though 
all the roots be possible; for then, j= z; and the expres- 
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sions —-^ and f r^ -| g^, both vanish : then x^^ — g/x + 

sjy^ =z= 0, and the values of x, are — sj/, y, and y. 
Since any number, either of quadratic, or of cubic surds^ 
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inaj be exterminated, any number of surds, whose indices are 

in any manner compounded of the factors s and 3, may also 

be exterminated from arty equation* 

It may at present suffice to instance, in surds of the 6th, 

and in surds of the 9th power- 
Let ^v^a + *l/^ +^-4/^ == 0: then, as in cubic surds (5;) 

a* + 3^ . +3^. 

%/a 4- V^ + %/^^ =: g^^abc; and +3^- %/a + 6. ^b +3^- 

+ 3^- +3^- + ^• 

v^^ + 6 ^abc = Bfy^abc. Put ga -f- 3^ + 3^ == ^ • then, 
(4;) -.L V"^ tzt v^6— 21 ^abc +llV^l and, by squaring 



ff— %mi 4- 4^* • ^ + ^' — 4^bn + 46^ 6 + ^n^ _lt ^ Hh ^^^ V^^^ 



(5;) +t If I#< fi If;: = ~ ^ff X #: ;i -|^^\ . ^ab : by 
restitution, ^"i +^'P+i6c*= -^so^i^^-iso^^i: ^ ^^6. Put 



a ^ b --' c =: r. 



.^3 -60c- 



Then r^ + isi^^^ — ^o^abc = — 6f — iSa^r ZziSc'' • V^^* 
Square and transpose, f * — 1 safer* -— S754a6^f^ iislieidc* 

^ llQQgladi:^!* ^ +i6os69^*^*c* = 0, rcsuIts, an equation of 6 di- 

mensions, free from surds. 

Let ^%/a + ^yfe +^t/^ = o; then, as in cubic surds (g;) 

V-J + V^ + Vc = SV^^c ; and +1 + 3 Va'6 + 3Va6'+ s 



5<^ J^n Amma^^b MeiMds of ckmng Equations of 
a -j« h -4- c = $n : then 



(4;) V6 + V^ • V^' + V6' — 7 V 6^ + V^' . v^ == - 

^s/b^c-—^\/bc'''-'n: multiply by ^v^6+^\/^: then ^V6 + V^'"» 



^V^'^ 






••^Maaaa 



sy'^ -|- V^: this quadratic equation, when solved, gives 



' " — ' " ' ■ — ' ' ' • 

2 

This equation, when cubed, will exhibit the quantity or factor 
a, free from the cubic radical sign; thus, a /^Vb + V<^^; or. 






^j. -f 349&(? +24^. —1656. 

4.L + S^V^*^ + ^aWbc^ = •§• . -c^ -165^. V^'^ +24^- ^/fe' 

"^ -fS^w — i8w. — 18«. 

+ 3^« 



Z^, 156. y< ^. —18^, 

Restore for n^ li-if ^ transpose, and double : then 



I I 



3 3 

a^ -f 1 2d!. 4. iza» 2 „ ., , a6 

-.35i^c-. i8i,. V^*^ + 171^. V6^*=± +7^- V6+49V6V -f^. V^ 

3 3 




3 "^^ 3 '^' 

3 3 ^' 



This equation squared, transposed, and divided, by — , be^ 

27 



comes 
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-f Z?4- 



MMr«i»a»i^M 



/ 43^*' -f3^^- -\'2zob^c — 153^^ 

/• a^ +i5i8^c. a* 4- 3168^ V a +9246V ^- Q . a^ +«7^- ^* — 33576<?. 



+ V>' , i,r.<kr.h^ +22^^ 



-f 22C^ ^^^ 4-4C5 

Compare this with the equation, s -^ t ^d^e + v ^\/de* = a : 
the resulting equation, s ^-f- i^d^e -^- z^ ^t^i^e* == ^stvde^ being 
accordingly computed, will be free from surds. It will be of 
12 dimeiisions; but may be depressed to one of 9. Instead 
of continuing the operation to shew this, I refer to the exter- 
mination of surds of the 5th, and of the 7th power, to be given 
below, for the manner in which some equations, resulting on 
involution, are depressed. 

In surds of the 5th powder, the quantity or factor, necessarily 
subjected to the radical sign, may be of 4 dimensions, but not 
higher : whence, if the solution of any biquadratic equation be 
admitted, any number of surds of the 5th power may be taken 
away from an equation ; and here it may be observed, that, 
as to the matter in hand, it is of no importance, whether the 
biquadratic equation may be solved in possible terms, or not; 
for the value, in numbers, of any particular quantity, or factor, 
is not required ; it is only required to obtain the quantity, or 
factor, of a single dimension, in order to deprive it, by invo- 
lution, of its radical sign. 

When an equation consists of 3 surds of the 5th power, the 
biquadratic equation is virtually a quadratic. 

Let V^ + V6 4" V^ = ••• ( 2 ;) a + ^ + 5 Wd^b + 10 
W^^b^ + 10^ Va'6^ + 5^ V^b^ = — c\ put ^ -f- ^ + ^' = 5^^* 
%• (3;) Va'6 4- 2 Va^6^ + 2 Wa'W + Va6" z=z ^m: this. 
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multiplied by W, gives 'Va'b'-^ + s5 V^^i'' + 26' Va'fe' + 6^ 
'V^^6^ = — Wm, a biquadratic equation of the quadratic form, 

thus, Va'b'^ b'Vab'" + b' . Va^*~+~^ V^= - b'm, which 
solved, gives V^""^^ + b V^^** = ^ ± - — ^^-^, another 

quadratic : then V^^ = " ± — ^— 5 involve 



to the 5th power, and the equation will be cleared of the radi- 

if 

cal sign of the surd of the 5th power : thus, 

ab'= — ^b'+^b'm+^VW^^^m^^ 

divide by ^ b^, and transpose ; then, 

b'' — gbm + 2ab = Vh' — ^bm + m ^ — 6^+26 Vb^ — ^bm. 
Square, transpose, and divide by 26 ; then, 

h' -sm^ b' tlfam. b~ + b'^ abm + m Vb"" — Abm. 
Square again, transpose, divide by 46, and arrange : 

then, m^ '^ — Q^abm^ XlTab''' ^-^ —is^^''^''- ^^ Iz^^^y^^ === ^- 

But, as in the case of 3 cubic surds, a simple equation sup- 
plied the place of a quadratic, so, when an equation consists of 
3 surds of the 5th power, a quadratic may supply the place of 
a biquadratic, or of two quadratic equations. 

Thus, V^ + V6 + V^, =: 0, •.• ( 2 ; ) a -j- ^ + 5 V^^6 -f ^o 
Va%' + 10 Va'b' + 5 Vab' =z — c, (3;) Va'6 + 2 Va^6' 

+ 2 Va^6^ + Vab' = :i^=±lf ~ _ m : 

5 ^3 

V^^^+3 V^^^^'+S V^^^^H V^^'^^: V^^ . V^4- ^'v/^ = V^^ • — V^^=-*V^^^^ *! 

Therefore 5^/^2,^2,^_ Sy^abc^ -^z •—' m» 

This, multiplied by ^, gives the quadratic equation, V^'^V 



But 



{ 
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cVahc^ z=z — cm: which solved gives ^Yabc^ 



r^\/e^^ 



^cm , 



Z 



involve to the 5th power ; then, abd = i--Jlil±ii!!L 4- 

Divide by |c% and transpose ; then, — ^^+ gmc^ Zlab' c = ± 

c^ — gmc '{' m" y e — ^mc\ squared, gives 

c^ — lomc* '^'2,^m'-. c* — 5om3. ^3 ^2sm\ c'= 6^^— lomc^-^ g^nfc* 

— j^ab» -\-zoabm* — 2oa6m*, 

Transpose, divide by 4c, and arrange ; then, m^ ^ ^ — gahcrn^ 
+ gabc'm j^^^^? = ; or, m^ =j abc . $nf — ab — ac — be ; 

which is an equation of 5 dimensions, free from surds. 

This equation, if, instead of V^ + 'Vb 4- V^ = 0, were 
substituted, ^^V^ + 'V^ + 'V^ = ^> would contain no other 
than quadratic surds ; if, 'V^ + 'V& -^ 'V^ = 0, no higher 
than cubic surds ; wherefore, if the extermination of any 
number of surds of the 5th power from an equation be ad- 
mitted, since the number of surds of any lower order which 
may be exterminated is unlimited, an equation consisting of 
any number of surds, whose indices are in any manner com- 
pounded of the factors, 2, 3, and 5, may be totally freed from 
surds. 

If a formula for the solution of any equation of 6 dimen- 
sions were known, any number of surds of the 7th power 
might be taken away from an equation : As such a formula, 
however, is, I suppose, at present altogether unknown, we 
may be contented with the extermination of 3 surds of the 
7th power, which may be accomplished, because, a formula 
for the solution of cubic equations is known, 3, the index of 
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tMe cube, being equal to half the index of the 7th power 
diminished by unity. 

Let V^ + Vi^ -f- V^ = : then, 

(35) ^v'^^i+3^V«^i&*4S '^s/a^b^+S^Va^b^+S'^^a^^^+''\/ab^=: ^^ (put) = — m 



immmmmimimmm 



Therefore — Wa^b^c + 2 ''^a^b^c^-^ '^^/abc^ =: — fit. 

Multiply by ~ e ; then, Wa^h'' — 2^ V^'6V**+ c' V^^^' ^ 
(:^M. Extract the square root of this cubic equation ; then, 
'V^^^V^ * — ^'V^6^' = ± c^/m : this cubic equation, which 
wants the second term, when solved, gives '^%/abc^ = 

I J«MIMl|llll»MWW«aM»ll1»|M.ii|M 1 1 — ■— I n III M Ii n il W I i « i fj ^ H I " ■■■■■■■■■■■■■■■■■^■■■^■■■■■■■■■■■■■■IW^PW— t i i ■ III HI I I l l 



a 



ci 

27 • — -J,- ' . 'J. 27 * 

this, involved to the i^th poWer, will be free from all surds, 
except quadratic and cubic* 

Put m — -^c == n,±^ ^/m : + f Vn = 5, and + | %/m : 

— I %/n = i : then, on dividing the equation by ^^c, -~ii! 

= Ws + V^ : involve, then 3-^ = V/* + 14 V.'^^+ 91 

V5"f + 364 ^\/s"t^-\- 1001 V5'°i*-4- 2002 Vi'i' + 3003 ViV 
+ 3433 V5V+ 3003 V5''^'+ 2002 V5V+ 1001 Vi*/'°-f 364 

But, St = ^ m — I. n = —c •.•iV^=V5^,andiV^'=V5'i5': 
then, by multiplication, i a6i: = 5' Ysf + 145'^ + 915V Vs'i 

+ 34325^^^ + 3oo3s'^3 Vs^if + 20025'/^ V^f + looi/it^ + 
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Arranged, I- ^6^ = +343^^'^^ + gcogf^^.V/^ +30035^/% V^^* 

Restore, first, for 5, ± f i/i^ : 4- f 1^^ J for ^, ± I- 1//# : — | %/n : 
then, 



i L.ni iiii n ii i mi-niiin'iiii" m— 



i aOC =s ^ X ( ^3348w2«. m — n ^gogomn. ± V ^ 4-2538/?!^. V ^^ • 

I III I I IlKimimillmiiml I in mn i i i i . i li l Ul l l l - f » l M lii mn iii , ■ ■H i m i. ih ii I ii rm nw ill inin i r iiri l l II I I I r i j I' l i lli l n mH i n illi l lli ir nl 

3 / . +546im^ 4-i825m^ 

^n. ^ y -^n. +3645#. ~" +729/1% 

Restore, secondly, for n^m-'—ci divide hj ^^y^c^ and trans- 
pose : then, 
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fYl , I I II K li m III M MII H I " I" J »w 



14m*. +m*. _i 
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A / I. I . i i ii, „ _j. ^a^ I a a/" 






' yTTT — TV' 



50 



Put, m"* + — ^^ + 5^^ = ^"^ 5 ^* + locfn 4" <^* == sj ; ^4^' 



+ 35^^ 4* ^^^ -^ 3^^ = 9^ • then, + x %/m — y Vn . 

gy f „\ I in Il l iw mmmmmmim n i ia M n n i»«— m ' i i i i mm i m II, M i ■ iii»»iii ii i ~^~.««« fj / i " T ■" ' - " I " " I' "™" " I "' 

Therefore, by the extermination of cubic surds. 



-3 
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*^ ^^ ^^ w^w--'"-' •'•-' pill II Hiiip r^^^mmmwjmi^i^mimmmmammtn 

I. e. x^nf-^ gxymn + gxy^mn — j;%^ + ^^^ == ^^^ — V^^ * cz ; 
ov^jfm + gy^n . xm—: gx^m-^y^n .yn — : x'^m—y'^n — cz". cz = o. 

Restore the values of x, y^ and z : divide hy — c; then, 

200 5 
14600 7S50 ^ J A 

^^ ^ — QgC^m^ "77^^ * ^^* 27" ^ • ^^ -^abc^. nf +^4^ff**^ 

m +2^^z>v = 0: virhich is an equation of 7 dimensions, free 

from surds. 

In like manner, the extermination of g surds of the 1 ith 
power from an equation might seem to require the solution of 
an equation of 5 dimensions: but in this case, the highest 
term, if I may so speak, vanishes ; so that an equation, con- 
sisting of g surds of the 11th power, may be freed from surds, 
without the solution of any higher equation than a biquadratic. 
The labour however is great. 

As preparatory thereto, and not to refer elsewhere, the 
solution of a biquadratic equation may be here given. 

Suppose it, as any equation may be so transformed, to want 
the second term ; thus, 

+ ^x^ -{•■ rx "{' s ^=^ 0: suppose also, x^ -f" ^'-^ + / = ^ ? 
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therefore, _ r f ^s+^^+r |/^=== "Tp- —=5'; 



then, e^ + me"^' l!!* <^^ ~ /^^ = 0. Put ^^ = % — 4 9 ; thenj 

^ 3 
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This cubic equation gives, z = v^— 
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Then by hypothesis and solution of quadratics, x =2 ^ 

\/^ / — /: or, X = + f ^ ± '^f ^^~^; ^^^^ ^y substitution. 
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Let now the equation consisting of 3 surds of the 11th 
power be, ''i/a + ' V^ + ' V^ = ; then 
(2;) a 4- 6 + 11 "'Va'^'b + c55 'V^^^^ + 1% ^'Va%^ + 330 
'y,/6^ 4. 462 "v^a'6^ + 462 "i/a^6' + 330 'WaV + 165 
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To solve this biquadratic equation, substitute in the equation, 
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This, involved to the nth power, will yield an equation^ 
which shall have no other surds than quadratic and cubic; and, 
since these may be removed, w^hatever be their number, it is 
evident, that an equation may be at length deduced free from 
all surds : But the accomplishment of this would require so 
great labour, that it may at present suffice, to have shewn the 
possibility, and pointed out the method, of removing all surds 
from an equation consisting of 3 surds of the nth power. 

Far greater would be the labour to exterminate 3 surds of 
the 13th power. 

Surds of the i£th power, it must already have sufficiently 
appeared, may be taken away in any number, according to the 
principles of extermination of cubic and quadratic surds. 

It is also sufficiently manifest, that, if an equation, consisting 
of 3 surds of a certain power {v. g. the 7th), may be cleared 
of surds, an equation containing s such surds^ together with 
any number of other surds whose extermination is unlimited, 
may be also cleared of surds ; and that surds, whose extermi- 
nation, as to their number, is unhmited, may be exterminated 
from any equation containing them, however diverse they be 
from each other. 

Thus, has been pointed out, the extermination from equa- 
tions, of surds whose indices do not exceed the number 6, or 
of any combinations of such surds, in any number ; of three 
surds, whose common index is either of the prime numbers be- 
tween 6 and 12, or whose indices are either of these multiplied 
hy any numbers, or powers of any numbers under 6, provided 
the equation contain no other quantity ; also, of two surds, 
w^hose common index is, or, whose indices are, as last described, 
with an indefinite number of surds of the former description. 
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It only remains, however, for the complete establishment 
of the last observation, to note, that any surds, contained in 
the denominator of any fractional quantity of an equation, 
which cannot be transferred to the numerator, by multiplying 
both terms by a residual, as some have recommended to be 
done, may, by multiplying the whole equation by that deno- 
minator, be transferred to the other quantities, or numerators^ 
of the equation. 

That observation will then hold of the surds therein named, 
however they be situated in the equation ; whether they be 
in the numerators, or in the denominators of fractions* 



P, S. Dr* Waking's method of taking away surds* is very 
ingenious. It is however evidently limited by the same pos- 
tulate, which restricts the application of my ^neral method; 
viz. to solve an equation of the dimension next lower than the 
index of the surd, being prime; for this must be effected in 
order to obtain the imaginary values of the surd as required 
by his method; and this, and sometimes less than this, is suf- 
ficient in mine. 

e.g. To obtain the imaginary roots of the 5th power of 
unity, the biquadratic equation a* + ^^ + ^^ + ^ + ^ = <^ 

must be solved. These roots are ■^'"^s ~ '""^^'^^'^^ ". and 

"' ^ ^ ^'^ -- — "^ 'Q-^ v^s. ^ coefficients troublesome enough, espe- 

dally from their variety, as Waring himself has observed. 

• F. Meditat. Algebr. Ed. 3. p. 152, Prob. 26. 
MDCCCXIV. ' G 
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The imaginary values of higher surds of prime indices, 
when found, would be still more complicated : and it is not 
very easy to find, for example, the imaginary values of a. surd 
of the 11th power,* 

* The imaginary roots of the 7th power of unity are^ 

I ^ I ' y7^2iv-~3 I ^ y7T2i^/-3 

- _ ^ _ ^ ^ 1- -T" v^ -~ 
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as may be found by solving the equation x^ -^ x^ ■{- x"^ '\- x^ '\- x^ -^ x + 1 ::i: — . 

Here^ in justice to Dr. Waring^, I must observe, that the application of his method 
to the extermination of the higher surds of prime indices, may, in all c^.ses, be brought 
within the condition of solving an equation, whose dimension is half the index of the 
surd diminished by unity. For any equation, of an even dimension, which has the 
coefficients, at equal distances from the middle, equal, the signs being either alike, or, 
as they recede from the middle, alternately opposite and alike, may in effect be reduced 
to half its original dimension. In that case, half of the roots of the equation are the 
reciprocals^ or the negatives of the reciprocals, of the other half. An equation, whose 
roots shall be the respective sums of these pairs, will be of half the dimension of the 
proposed equation. Thus, if 
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The preceding biquadratic eqiation is the difference of two 



s 



its 



squares ^* -f- a^ -f* ^^ Hh ^ + ^3 ^^^ ^^ * consequently, i 
quadratic factors will be the sum and difference of the roots 
of these squares^ viz. # 41^1, ^ •+• 1 =■ 0,. and a^ H*^.^ a + 

by the combmatioo of corresponding terms, which has, in the preceding sheets, been 
repeatedly exemplified, and by division of the roots by jr, may be obtained. 



'i ^+k 'Z 1 ' +^^ ^"^ + "^^ " +'^ 



If this equation could be solved, the root being called n, the solution of the qua- 
dratic, ^* — wx i I — 0, would give the root of the proposed equation, which, when 

I I I 1 

ivery coefficient is unity, yields, ^ + — 4^4—-. — 4 , x + — — 3 . x + — 

1 

If this equation could be solved, then would Dr. Warimg*s method serve for the 
mniversal exterminatioii of surds of the nth power. 

I may also observe, that my method universally holds for exterminating quadrato- 
cubic surds, without the solution of any higher equation than a quadratic, as may 
appear from a former example, though the observation was not before made 1 and, in 
like manner, that it universally holds for exterminating surds of the 7th power, with- 
in the condition of solving a cubic equation. For the resulting equation of six dimen. 
iions may be reduced to one of three, independently on the simplicity or composition 
of the third quantity of a given combination of surds. Thus, if ''i/a+^^b^'^^c = 0, 

if—A #• 
''s/a^ + 3V«^6*+ SV^^^H S^V^«'^*+ 3^^"^*^^+ V«^^ = ; • then after 



multiplying by P, may be obtained this cubic equation, ^v'^''^" + b^^/ab^^ + 2^* 
f^^«^i»4.57^^6«* + P . ^%/aV + 6^^a# = '^"'Z '^" • ^^* ^^^^> whatever 

may be the value of c, a and b may be freed from the radical sign of the 7th power, 
by the solution, first of a cubic, then of a quadratic, equation, and afterwards invo- 

lution* 

So that both W A E i m g*s method and mine universally hold, until we arrive at surds 

©f the nth power I and according to mine, three such may be exterminated* 
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1 =: 0. These quadratic equations being solved, will give the 
four roots of the biquadratic, as above. 

So may be solved any biquadratic equation, the coefficient 
of whose 4th term is equal to the product of the coefficient of 
the sd by the square root of the last, the coefficient of the 1st 
term being unity: and, by the intervention of a cubic equation^ 
any biquadratic may be so transforjned. 



